Let {(Ai, Bi)} m i=1 be a collection of pairs of sets with |Ai| = a and |Bi| = b for 1 ≤ i ≤ m. Suppose that Ai ∩ Bj = ∅ if and only if i = j, then by the famous Bollobás theorem, we have the size of this collection m ≤ a+b a . In this paper, we consider a variant of this problem by setting {Ai} m i=1 to be intersecting additionally. Using exterior algebra method, we prove threshold version theorems for both finite dimensional real vector spaces and finite sets under these constraints. This settles a recent conjecture of Gerbner et. al [8] . Moreover, we also determine the unique extremal structure of {(Ai, Bi)} m i=1 for a case of the theorem for finite sets.
Introduction
In 1965, B. Bollobás [5] proved the following theorem about cross-intersecting sets pair collection, which became one of the cornerstones in extremal set theory. 
Furthermore, the equality holds if and only if there is some set X of cardinality a + b such that A i s are all subsets of X of size a and B i = X \ A i for each i.
Over the years, different proofs involved various kinds of methods together with all kinds of generalizations of this theorem have been discovered (see [1, 2, 4, 6, 7, [9] [10] [11] [12] [13] [14] [15] [17] [18] [19] [20] [21] [22] [23] ). Among these proofs, using tools from exterior algebra (or wedge product ), Lovász's proof [16] turns out to be strikingly elegant and provides a brand-new perspective for dealing with pairs of sets or subspaces with this type of constraints. In the same paper, Lovász also generalized this theorem to linear subspaces.
Using Lovász's method, in 1984, Füredi [7] proved the following threshold version of Bollobás theorem for linear subspaces. Suppose that for some t ≥ 0,
Recently, following the path led by Lovász and Füredi, Scoot and Wilmer [18] established a new correspondence between exterior algebra and hypergraphs. It turns out to be an effective way to tackle pairs of set systems with the Bollobás type cross-intersecting requirements. As an application of their method, they proved the following weighted Bollobás theorem for finite-dimensional real vector spaces. 
In this paper, using traditional exterior algebra method together with the new correspondence in [18] , we prove a new threshold version of Bollbás type theorem for two families in real vector spaces. Comparing to Theorem 1.2, besides the original constraints dim(
being t-intersecting. Thus, we call this theorem a "hemi-bundled" Bollobás theorem and its formal description is shown as follows.
be a collection of pairs of subspaces of R n , such that for all i ∈ [m], dim(A i ) = a and dim(B i ) = b for some positive integers a ≤ b. Suppose that for some t ≥ 0,
As a direct consequence of Theorem 1.4, we can prove the following "hemi-bundled" Bollobás type theorem for pairs of subsets.
Suppose that for some t ≥ 0, during their study about set systems related to a house allocation problem.
As shown in Theorem 1.1, Bollobás proved that the equality in (1) holds if and only if the ground set X has cardinality a + b, {A 1 , . . . , A m } = X a and B i = X \ A i . With the same spirit, we determine the only structure of {(A i , B i )} m i=1 such that the equality holds in Theorem 1.5 when t = 0 and a < b.
is a family of all subsets of X of size a containing a fixed element and B i = X \ A i for each i.
The rest of the paper is organized as follows. In Section 2, we introduce the definitions, notations and some known results that we shall use throughout our paper. In Section 3, we present the proofs of our results. Finally, in Section 4, we conclude our paper with some comments and open problems.
In this section, we will introduce the connection between exterior algebra and hypergraphs introduced by Scoot and Wilmer in [18] . And we shall also present some other known results for the proof of our theorems.
Given integers n, r with 0 ≤ r ≤ n, let [n] = {1, . . . , n} and [n]
be the standard grading of the exterior algebra of V . Let E = {e 1 , . . . , e n } be the standard basis of V . For F ∈ GL n (R), denote the columns and the entries of the E-matrix for F by
where the elements of A are listed in increasing order. According to this definition, for A, B ⊆ [n], we have
where the sign in the non-trivial case is given by the sign of the permutation that sorts the list a 1 , . . . , a k , b 1 , . . . , b l into increasing order. By the linearity of the wedge product, the set F r = {f A :
r } is a basis for the linear space
as the linear subspace of r V corresponding to A. Note that dim(F (A)) = |A|, f A and F (A) both depend on our choice of F . On the other hand, we call a subspace W ⊂ r V monomial with respect
r with respect to F as follows:
where the maximum is taken with respect to reverse colex order on [ 
Based on this correspondence, Scott and Wilmer [18] proved the following result which indicates that A → F (A) forms a bijection between r-uniform hypergraphs on [n] and subspaces of r V monomial with respect to a fixed basis F .
Moreover, since the reverse colex order has the property that
Therefore, for C ⊆ [n] and w ∈ r V satisfying ins(w) ∩ C = ∅, we have
Based on this observation and the famous Erdös-Ko-Rado theorem, Scott and Wilmer [18] proved the following theorem about self-annihilating subspaces of the exterior algebra.
all v, w ∈ W . Then, let 0 ≤ r ≤ n/2, for any self-annihilating subspaces of r V , we have
3 Proofs of main results
Hemi-bundled Bollobás Type Theorems
For the proof of our main result, first, we need Füredi's [7] general position arguments.
Now, we present the proof of our main theorem.
Proof of Theorem 1.4. Assume dim(V ) = n, where n ≥ a + b.
• First, we prove that the above bound holds for t = 0 and n = a + b.
Following the notation of [3] , for a k-dimensional subspace T ⊆ V , we define ∧T ∈ k V by selecting a basis v 1 , . . . , v k of T and setting
Since n = a + b = dim(A i ) + dim(B i ), by the property of wedge products, we havẽ
By the 3rd version of the Triangular Criterion (Proposition 2.9 in [3]), we know thatÃ 1 ,Ã 2 , . . . ,Ã m are linearly independent in a V . Therefore, we have m = dim(span{Ã 1 ,Ã 2 , . . . ,Ã m }).
Let W = span{Ã 1 ,Ã 2 , . . . ,Ã m } be a subspace of a V . Note that for any two vectors u, v ∈ W , they can be expanded as
Since dim(A i ∩ A j ) > 0 for all 1 ≤ i, j ≤ m, we immediately haveÃ i ∧Ã j = 0 for all 1 ≤ i, j ≤ m.
This leads to u ∧ v = 0 for all u, v ∈ W , which means that W is a self-annihilating subspace of a V .
Therefore, by Theorem 2.2, we have
• Now, we prove that (4) holds for general t and n ≥ a + b.
Let n ′ = n − t, according to Lemma 3.1, there exists an n ′ -dimensional subspace V ′ of V , such that 
. Then, the followings holds
Therefore, we have obtained a new collection of pairs of subspaces
According to the former proof about the case t = 0 and n = a + b, we know that
This completes the proof for the general case.
Using a similar argument of Füredi in [7] we have the following proof of Theorem 1.5. 
Proof of Theorem 1.5. Let
is a collection of subspaces satisfying the conditions in Theorem 1.4. Thus, (5) holds.
Stability Results
In this subsection, based on the correspondence between the exterior algebra and hypergraphs, we prove Theorem 1.6 using the stability result of the famous Erdös-Ko-Rado theorem. Since {A i } m i=1 is an intersecting family, we have W = span{∧Ā 1 , ∧Ā 2 , . . . , ∧Ā m } is a self-annihilating subspace of a V . According to the proof of Theorem 1.4, the cross-intersecting condition implies that m = dim(W ). Therefore, by Lemma 2.1, we have
In the proof of Theorem 2.2 (see [18] ), using the correspondence between r-uniform hypergraphs and linear subspaces of r V , the authors actually proved that the H F (W ) ⊆ [n] r is an intersecting family. Therefore, since a < b, as a corollary of the Erdös-Ko-Rado theorem, |H F (W )| = a+b−1 a−1 holds if and only if H F (W ) is a 1-star.
By our assumption above, we know that f A1 = ∧ a+b i=b+1 e i = ∧Ā 1 ∈ W and ins(f A1 ) = A 1 ∈ H F (W ). Noted that H F (W ) is a 1-star, thus there exists an element x ∈ [a] such that for every 
Thus, by the definition of f C , for each C satisfying m C = 0 in (15),
Moreover, since b + x ∈ ins(∧Ā i0 ), by the property of reverse colex order, for each C satisfying m C = 0 in (15), we also have This completes the proof.
Conclusion
In this paper, using exterior algebra methods, we prove a hemi-bundled threshold version of Bollobás theorem for both finite dimensional real spaces and finite sets. As a consequence of our result, a conjecture of Gerbner et. al [8] is settled. Moreover, we also determine the only extremal structure about a case of our hemi-bundled Bollobás theorem for finite sets.
For further research, noted that in [8] , Gerbner et. al also proposed a stronger conjecture of the following form.
Conjecture 4.1. [8] Let AK(n, k, t) denote the maximum size of a k-uniform t-intersecting family
be a collection of pairs of sets such that for all i ∈ [m], |A i | = a ≤ |B i | = b. Suppose that for some t ≥ 0,
Then m ≤ AK(a + b, a, t).
Different from the t-cross-intersecting constraints in Theorem 1.5, Conjecture 4.1 only requires that {A i } m i=1 and {B j } m j=1 being cross-intersecting. Therefore, there is still a gap between Theorem 1.5 and Conjecture 4.1.
As a natural direction for research about extremal problems, it's also worth considering our theorems from the perspective of stability. Since we have proved the bound of these collections of pairs of subspaces (or sets) in Theorem 1.4 and Theorem 1.5 respectively, is the trivial structure:
is a t-star of R a+b and B i = A ⊥ i ∈ R a+b the only structure that attains these bounds? If not, what's all the other extremal structures? This question might not be easy. To our knowledge, the uniqueness of the extremal structure for Theorem 1.2 has still not been settled, so it might need different methods for solving questions of this kind.
